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Abstract. Friction-induced vibration is a typical self-excited phenomenon in the rolling process. 
Since its important industrial relevance, a rolling mill vertical-torsional-horizontal coupled 
vibration model with the consideration of the nonlinear friction has been established by coupling 
the dynamic rolling process model and the rolling mill structural model. Based on this model, the 
system stability domain is determined according to Hurwitz algebraic criterion. Subsequently, the 
Hopf bifurcation types at different bifurcation points are judged. Finally, the influences of rolling 
process parameters on the system stability domain are analyzed in detail. The results show that 
the critical boundaries of vertical vibration modal, horizontal vibration modal and torsional 
vibration modal will move with the change of rolling process parameters, and the system stability 
domain will change simultaneously. Among the parameters, the reduction ratio has the most 
significant effect on the stability of the system. And when rolling the thin strip, the system stability 
domain may be only enclosed by the critical boundaries of vertical vibration modal and torsional 
vibration modal. In that case, the system instability induced by horizontal vibration modal would 
not occur. The study is helpful for proposing a reasonable rolling process planning to reduce the 
possibility of vibration, as well as selecting an optimal rolling process parameter to design a 
controller to control the rolling mill vibration. 
Keywords: rolling mill, vertical-torsional-horizontal coupling vibration, nonlinear friction, 
stability, rolling process parameters. 
Nomenclature 
ܨ௫, ܨ௬ Forces acting on the rolls in ݔ and ݕ directions (N) 
ܯ Rolling torque (N·m) 
ݔ௖, ݔሶ௖  Displacement and velocity of horizontal vibration (m, m·s-1) 
ݕ௖, ݕሶ௖ Displacement and velocity of vertical vibration (m, m·s-1) 
ߠெ, ߠሶெ Displacement and velocity of torsional vibration (rad, rad·s-1) 
ߪ଴, ߪଵ Tensions at entry and exit (MPa) 
ݒ଴, ݒଵ Strip velocities at entry and exit (m·s-1) 
ݒ௥ Peripheral velocity of the work roll, named as rolling speed of the system (m·s-1) 
ℎ଴, ℎଵ Strip thicknesses at entry and exit (m) 
ℎ௖ Roll gap spacing measured along the centerline ଵܱܱଶ (m) 
݉ଵ Equivalent mass of the top work roll (kg) 
݉ଶ Equivalent mass of the top work roll, top backup roll and upper mill housing (kg) 
ܬெ Equivalent rotational inertia of the upper rolls (kg·m2) 
݇ଵ, ܿଵ Horizontal equivalent stiffness and damping (N·m-1, N·s·m-1) 
݇ଶ, ܿଶ Vertical equivalent stiffness and damping (N·m-1, N·s·m-1) 
݇௧, ܿ௧ Torsional equivalent stiffness and damping (N·m·rad-1, N·m·s·rad-1) 
ܤ Strip width (m) 
ܣ, ݊ Strip material parameters (MPa, unitless) 
ܮ଴, ܮଵ Distances from this stand to the upstream stand and the downstream stand (m) 
ܴ, ܴᇱ Work roll radius, flattened work roll radius (m) 
ܧଵ Young’s modulus of the strip (MPa) 
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ߤ, ߤ଴ Friction coefficient, steady friction coefficient 
ܽ, ܾ, ܿ Constants related to lubricating oil viscosity, lubricating oil concentration and 
system lubrication state, ܽ, ܾ, ܿ > 0 
തܱଵ, തܱଶ Original geometrical centers of the top and bottom rolls (before vibrations begin) 
ଵܱ, ܱଶ Ever-changing centers of the rolls 
ݔ଴, ݔ௡, ݔଵ Entry position, neutral point position and exit position (m) 
݈ Horizontal projection length of the contact arc, ݈ = ݔଵ − ݔ଴ (m) 
ߙ, ߛ, ߜ Inlet angle, neutral angle and outlet angle (rad) 
ߪ௠ Mean tension, ߪ௠ = 0.7ߪ଴ + 0.3ߪଵ (MPa) 
ܳ௣ Stress state factor, ܳ௣ = 1.08 + 1.79ߝߤඥܴ′ ℎ଴⁄ − 1.02ߝ 
ܭ Mean deformation resistance, ܭ = ܣ ⋅ ߝ∑೘௡  (MPa) 
ߝ Reduction ratio, ߝ = (ℎ଴ − ℎଵ) ℎ଴⁄  
ߝஊ௠ Mean total deformation extent, ߝ∑೘ = ܾ଴ߝ଴ + ܾଵߝଵ ߝ଴, ߝଵ Total deformation extents at entry and exit, ߝ଴ = (ܪ − ℎ଴) ܪ⁄ , ߝଵ = (ܪ − ℎଵ) ܪ⁄  
ܪ Initial strip thickness entering the first mill stand in a tandem mill (mm) 
ܾ଴, ܾଵ Coefficients, ܾ଴ = 0.4, ܾଵ = 0.6 
superscript ݅ Value of the parameter “݅” under steady state 
prefix ݀ Variational terms 
1. Introduction 
The mill vibration is considered to be the main factor restricting the productivity of the rolling 
mill. As its widespread existence and complexity, it has become a research focus and a technique 
challenge around the world. Yarita et al. [1] and Tlusty et al. [2] are the first to study the rolling 
mill vibration. And their achievements in theoretical modeling and vibration mechanism laid the 
foundation for later research. Since then, scholars have done a series of further studies on mill 
vibration, and also achieved abundant results. 
The current research generally considered that the mill vibration is a typical kind of 
self-excited vibration, which is the consequence of interactions between the system structure and 
the rolling process [3]. This interaction can be represented by the closed-loop shown in Fig. 1. The 
dynamic forces which are generated in the rolling process deflect the structure of the rolling mill 
and lead to variations of the roll gap and the rolling speed. These, in turn, result in further 
variations of the rolling forces. Therefore, simplifying the rolling process effectively and modeling 
the mill structure reasonably are the key problems to study the rolling mill vibration. 
 
Fig. 1. Coupling relationship of structure model and rolling process model 
For the rolling process model, Yun et al. [4] and Hu et al. [5, 6] carried out a systematic 
research on its modeling. Based on Tlusty model [2], Yun et al. [4] presented a new dynamic 
rolling process model, in which the strip strain-hardening effect and the metal flow equation in 
the condition of vibration were taken into consideration. On this basis, Hu et al. [5] further 
modified the metal flow equation, and constructed a more accurate dynamic rolling process model. 
For the rolling mill structure model, different models were presented according to different 
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research focuses and assumptions. The most typical structure models include vertical structure 
models (one degree of freedom [7], two degrees of freedom [7, 8] and four degrees of freedom 
[1]) and torsional structure models (single drive and twin drives) [9]. 
In actual production, vibrations of the high-speed rolling mill mostly appear as the coupling of 
multiple vibration types. Taking a two-high rolling mill as the object, Swiatoniowski [10] studied 
the interaction between the plastic deformation process and the rolling mill vibration, and 
constructed a typical vertical-torsional coupling structural model. Through experiments, Paton et 
al. [11] found that rolls can vibrate not only in vertical direction, but also in horizontal direction. 
Yan et al. [12] studied the coupling characteristic of torsional vibration and vertical vibration by 
the finite-element analysis. 
Furthermore, many experiments and theoretical studies have shown that the lubrication 
condition in the roll bite is one of the most important factors affecting the rolling mill vibration. 
Yarita et al. [1] pointed out that lubrication defects may cause vibration, and better lubrication 
conditions can suppress vibration effectively. Based on the nonlinear friction model proposed by 
Sims and Arthur [13], Shi et al. [14] studied the stability of the rolling mill main drive system. 
Vladimir et al. [15] studied the vibration of a hot rolling mill with the consideration of the stick-slip 
nonlinear friction model [16], and indicated that frictional conditions along the contact arc were 
indeed the principal cause of the vibration in that rolling mill. 
However, in the existing dynamic rolling process models, the friction coefficient was usually 
taken as a constant, which cannot fully display the complex friction characteristics of the real 
system. Therefore, it is necessary to study the rolling mill multiple-modal-coupling vibration 
based on the dynamic rolling process model with nonlinear friction considered. 
Reference [17] has constructed a rolling mill vertical-torsional-horizontal coupled dynamic 
model with the consideration of nonlinear friction. In this paper, a brief introduction of this 
mathematical model is given at the beginning. On this basis, the system stability domain is 
determined and the Hopf bifurcation types at different bifurcation points are judged. Then, the 
changes of the system stability domain with different rolling process parameters are mainly 
discussed. And a mean relative sensitivity factor is defined to compare the effects of different 
parameters. The results can provide a theoretical basis for formulating a reasonable rolling 
schedule, and drawing up an effective control strategy as well.  
2. Mathematical model 
As Fig. 1 shows, a rolling mill vibration model can be formulated naturally as the result of 
interactions between the rolling mill structure and the rolling process. Therefore, in this section, 
dynamic models of the rolling mill structure and the rolling process will be introduced  
respectively, and then the mathematical model is constructed by coupling these two dynamic 
models. 
2.1. Dynamic model of rolling mill structure 
The vertical-torsional-horizontal coupled dynamic model of the rolling mill structure is 
illustrated in Fig. 2. In this structure model, the rolling mill is assumed to be symmetrical with 
respect to the center plane of the strip, and the vertical subsystem, horizontal subsystem and 
torsional subsystem are all simplified as ones with single degree of freedom. 
Thus, the differential equations can be written as: 
ቐ
݉ଵݔሷ௖ + ܿଵݔሶ௖ + ݇ଵݔ௖ = ݀ܨ௫,
݉ଶݕሷ௖ + ܿଶݕሶ௖ + ݇ଶݕ௖ = ݀ܨ௬,
ܬெߠሷெ + ܿ௧ߠሶெ + ݇௧ߠெ = ݀ܯ,
(1)
where, ݀ܨ௫ and ݀ܨ௬ are fluctuations of forces acting on the rolls in ݔ and ݕ directions, ݀ܯ is the 
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fluctuation of the rolling torque. The expressions of these three dynamic forces can be obtained in 
the dynamic model of the rolling process. 
 
Fig. 2. Simplified vertical-torsional-horizontal coupling structure model 
2.2. Dynamic model of rolling process with nonlinear friction 
For cold rolling, when the rolling speed is greater than 0.25 m·s-1, the friction coefficient along 
the contact arc can be approximately expressed as [13]: 
ߤ = ܽexp(−ܾݒ௥ + ܿ), (2)
where, ܽ , ܾ  and ܿ  are constants, which are related to lubricating oil viscosity, lubricating oil 
concentration and system lubricating state. And the values of ܽ, ܾ and ܿ are all greater than zero. 
ݒ௥ is the work roll peripheral velocity. In this paper, the work roll is allowed to vibrate in vertical, 
horizontal and torsional directions, there into, both the horizontal vibration and the torsional 
vibration can affect the peripheral velocity of the work roll. Therefore, when vibration occurs, the 
expression of the work roll peripheral velocity is rewritten as: ݒ௥ = ̅ݒ௥ + ߠሶெܴ′ + ݔሶ௖ . ̅ݒ௥  is the 
work roll peripheral velocity under steady state. 
For convenience, the friction coefficient ߤ near the steady roll peripheral velocity ̅ݒ௥has been 
deduced by Taylor series expansion: 
ߤ = ߤ(̅ݒ௥) + ߤ′(̅ݒ௥)(ݒ௥ − ̅ݒ௥) +
ߤ′′(̅ݒ௥)
2 (ݒ௥ − ̅ݒ௥)
ଶ 
    = ܽ݁ି௕௩തೝା௖ ൤1 − ܾ(ߠሶெܴ′ + ݔሶ௖) +
1
2 ܾ
ଶ(ߠሶெܴ′ + ݔሶ௖)ଶ൨ 
    = ߤ଴ ൤1 − ܾ(ߠሶெܴ′ + ݔሶ௖) +
1
2 ܾ
ଶ(ߠሶெܴ′ + ݔሶ௖)ଶ൨, 
(3)
where, ߤ଴  is the steady friction coefficient when the work roll peripheral velocity is ̅ݒ௥ ,  
ߤ଴ = ܽexp(−ܾ̅ݒ௥ + ܿ). 
Using Eq. (3) to represent the friction characteristic along the contact arc, the detailed 
derivation of the dynamic rolling process model with the consideration of nonlinear friction is 
given in Appendix A1 [17]. 
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2.3. Dynamical equation of rolling mill vertical-torsional-horizontal coupled vibration 
When constructing the dynamical equation of the rolling mill vibration, the inter-stand tension 
effect must be considered. As the vibration characteristic of a single stand rolling mill is the focus 
in this study, supposing the variations of both the exit velocity of the upstream stand and the entry 
velocity of the downstream stand are zero. Then the tension variations at entry and exit can be 
obtained according to Hooke’s law. That is: 
ۖە
۔
ۖۓ݀(݀ߪ଴)
݀ݐ =
ܧଵ
ܮ଴ ݀ݒ଴,
݀(݀ߪଵ)
݀ݐ = −
ܧଵ
ܮଵ ݀ݒଵ.
 (4)
Substituting ൫݀ܨ௫, ݀ܨ௬, ݀ܯ, ݀ݒ଴, ݀ݒଵ൯ from Eq. (A11) into Eq. (1) and Eq. (4), the dynamical 
equation of the rolling mill vertical-torsional-horizontal coupled vibration can be expressed as: 
ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓݔሶଵ = ݔଶ,
ݔሶଶ =
1
݉ଵ ൣ−݇ଵݔଵ − ܿଵݔଶ + ܽிೣ ,௬೎ݔଷ + ܽிೣ ,ఙబݔ଻ + ܽிೣ ,ఙభݔ଼ + ܽிೣ ,௛బ݀ℎ଴൧,
ݔሶଷ = ݔସ,
ݔሶସ =
1
݉ଶ ൥
ܽி೤,௫ሶ೎ݔଶ + ቀܽி೤,௬೎ − ݇ଶቁ ݔଷ + ቀܽி೤,௬ሶ೎ − ܿଶቁ ݔସ + ܽி೤,ఏሶ ಾݔ଺ + ܽி೤,ఙబݔ଻
+ܽி೤,ఙభݔ଼ + ܽி೤,௫ሶ೎మݔଶଶ + ܽி೤,ఏሶ ಾమ ݔ଺ଶ + ܽி೤,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽி೤,௛బ݀ℎ଴
൩ ,
ݔሶହ = ݔ଺,
ݔሶ଺ =
1
ܬெ ቈ
ܽெ,௫ሶ೎ݔଶ + ܽெ,௬೎ݔଷ + ܽெ,௬ሶ೎ݔସ − ݇௧ݔହ + ൫ܽெ,ఏሶ ಾ − ܿ௧൯ݔ଺ + ܽெ,ఙబݔ଻
+ܽெ,ఙభݔ଼ + ܽெ,௫ሶ೎మݔଶଶ + ܽெ,ఏሶ ಾమ ݔ଺ଶ + ܽெ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽெ,௛బ݀ℎ଴
቉ ,
ݔሶ଻ =
ܧଵ
ܮ଴ ቈ
ܽ௩బ,௫ሶ೎ݔଶ + ܽ௩బ,௬೎ݔଷ + ܽ௩బ,௬ሶ೎ݔସ + ܽ௩బ,ఏሶ ಾݔ଺ + ܽ௩బ,ఙబݔ଻ + ܽ௩బ,ఙభݔ଼
+ܽ௩బ,௫ሶ೎మݔଶଶ + ܽ௩బ,ఏሶ ಾమ ݔ଺ଶ + ܽ௩బ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽ௩బ,௛బ݀ℎ଴
቉ ,
ݔሶ଼ = −
ܧଵ
ܮଵ ቈ
ܽ௩భ,௫ሶ೎ݔଶ + ܽ௩భ,௬೎ݔଷ + ܽ௩భ,௬ሶ೎ݔସ + ܽ௩భ,ఏሶ ಾݔ଺ + ܽ௩భ,ఙబݔ଻ + ܽ௩భ,ఙభݔ଼
+ܽ௩భ,௫ሶ೎మݔଶଶ + ܽ௩భ,ఏሶ ಾమ ݔ଺ଶ + ܽ௩భ,ఏሶ ಾ௫ሶ೎ݔଶݔ଺ + ܽ௩భ,௛బ݀ℎ଴
቉ ,
 (5)
where, ܺ = (ݔଵ, ݔଶ, ݔଷ, ݔସ, ݔହ, ݔ଺, ݔ଻, ݔ଼)் = ൫ݔ௖, ݔሶ௖, ݕ௖, ݕሶ௖, ߠெ, ߠሶெ, ݀ߪ଴, ݀ߪଵ൯். 
3. System stability analysis 
3.1. Hurwitz algebraic criterion 
Hurwitz algebraic criterion is an important method, using which bifurcation points can be 
calculated by an algebraic equation. In particular, it can be effectively applied to analyze Hopf 
bifurcation of the high-dimensional and complicated nonlinear system [18]. 
In order to study the effect of the nonlinear friction on the system stability, selecting parameter 
ܾ  as the bifurcation parameter. Then, Eq. (5) is a function of ܺ  and ܾ , ሶܺ = ݂(ܺ, ܾ) . As the 
coordinate origin is the equilibrium point of the system, the Jacobian matrix at this point is as 
follows: 
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ܣ(0, ܾ) = ∂݂(ܺ, ܾ) ∂ܺ ቤ௑బୀ଴
     =
ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ 0 1 0 0 0 0 0 0−݇ଵ
݉ଵ
−ܿଵ
݉ଵ
ܽிೣ ,௬೎
݉ଵ 0 0 0
ܽிೣ ,ఙబ
݉ଵ
ܽிೣ ,ఙభ
݉ଵ
0 0 0 1 0 0 0 0
0 ܽி೤,௫ሶ೎݉ଶ
ܽி೤,௬೎ − ݇ଶ
݉ଶ
ܽி೤,௬ሶ೎ − ܿଶ
݉ଶ 0
ܽி೤,ఏሶ ಾ
݉ଶ
ܽி೤,ఙబ
݉ଶ
ܽி೤,ఙభ
݉ଶ
0 0 0 0 0 1 0 0
0 ܽெ,௫ሶ೎ܬெ
ܽெ,௬೎
ܬெ
ܽெ,௬ሶ೎
ܬெ
−݇௧
ܬெ
ܽெ,ఏሶ ಾ − ܿ௧
ܬெ
ܽெ,ఙబ
ܬெ
ܽெ,ఙభ
ܬெ
0 ܧଵܽ௩బ,௫ሶ೎ܮ଴
ܧଵܽ௩బ,௬೎
ܮ଴
ܧଵܽ௩బ,௬ሶ೎
ܮ଴ 0
ܧଵܽ௩బ,ఏሶ ಾ
ܮ଴
ܧଵܽ௩బ,ఙబ
ܮ଴
ܧଵܽ௩బ,ఙభ
ܮ଴
0 −ܧଵܽ௩భ,௫ሶ೎ܮଵ
−ܧଵܽ௩భ,௬೎
ܮଵ
−ܧଵܽ௩భ,௬ሶ೎
ܮଵ 0
−ܧଵܽ௩భ,ఏሶ ಾ
ܮଵ
−ܧଵܽ௩భ,ఙబ
ܮଵ
−ܧଵܽ௩భ,ఙభ
ܮଵ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
. 
(6)
The characteristic equation of the Jacobian matrix can be obtained through calculating the 
determinant |ۯ(0, ܾ) − ߣ۷| = 0. Here, ۷ is an eight-order unit matrix: 
ߣ଼ + ݌ଵߣ଻ + ݌ଶߣ଺ + ݌ଷߣହ + ݌ସߣସ + ݌ହߣଷ + ݌଺ߣଶ + ݌଻ߣ + ݌଼ = 0. (7)
A series of Hurwitz determinants can be constructed as follows: 
Δ௜ = ተተ
݌ଵ 1 0 0 ⋯ 0
݌ଷ ݌ଶ ݌ଵ 1 ⋯ 0
݌ହ ݌ସ ݌ଷ ݌ଶ ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋯ ⋮
݌ଶ௜ିଵ ݌ଶ௜ିଶ ݌ଶ௜ିଷ ݌ଶ௜ିସ ݌௜
ተተ, (8)
here, ݌௜ = 0 when ݅ > 8. 
For the system Hopf bifurcation to occur at point ܾ∗, the necessary and sufficient conditions 
judging by Hurwitz algebraic criterion should be satisfied: 
ە
ۖ
۔
ۖ
ۓ݌௜(ܾ
∗) > 0,    (݅ = 1,2, … ,8),
Δ଻(ܾ∗) = 0,
Δ௜(ܾ∗) > 0,    (݅ = 5, 3, 1),
݀൫Δ଻(ܾ)൯
ܾ݀ ቤ௕ୀ௕∗
≠ 0.
 (9)
3.2. Bifurcation parameter calculation and stability analysis 
The simulation parameters used in this paper are from the 4th stand of a 2030 five-stand 
tandem cold rolling mill [19], and are listed in Table 1. Using these parameters, the distribution 
of Hopf bifurcation parameters with different steady rolling speeds is illustrated in Fig. 3. For this 
rolling mill, the frequencies of vertical vibration modal, torsional vibration modal and horizontal 
vibration modal are about 133 Hz, 12.5 Hz and 52 Hz, respectively. 
From Fig. 3, it is observed that the system Hopf bifurcation line is spliced by Line 1, Line 2 
and Line 3. Taking three points on these three lines randomly (point ܣ, point ܤ and point ܥ in 
Fig. 3), and their eigenvalues are listed in Table 2. Taking point ܣ  as an example, when  
ܾ = 0.7982,  a pair of pure imaginary eigenvalues appear in the system,  
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ߣଷ,ସ = (–0.0000±3.2682݅)×102, and this pair of conjugate eigenvalues represent the characteristic 
of horizontal vibration modal, so Line 1 is the critical boundary of horizontal vibration modal. 
Similarly, Line 2 is the critical boundary of torsional vibration modal. Line 3 is the critical 
boundary of vertical vibration modal. And the system stability domain is enclosed by coordinate 
axes and the system Hopf bifurcation line. 
Table 1. Parameters from the 4th stand of a 2030 five-stand tandem cold mill 
݉ଵ (kg) ݇ଵ (N·m-1) ܿଵ (N·s·m-1) ℎത଴ (mm) ℎത௖ (mm) ܣ (MPa) ܤ (m) ܴ (m) 
9200 1×109 5×104 0.789 0.577 810 1.206 0.3 
݉ଶ (kg) ݇ଶ (N·m-1) ܿଶ (N·s·m-1) ߪത଴ (MPa) ߪതଵ (MPa) ݊ ܪ (mm) ܴᇱ (m) 
203200 6.9×1010 1.64×107 180 189 0.29 2 0.5335 
ܬெ  (kg·m2) ݇௧ (N·m·rad-1) ܿ௧ (N·m·s·rad-1) ܮ଴ (m) ܮଵ (m) ܧଵ (GPa) ߤ଴  
1381 7.9×106 4178 4.75 4.75 210 0.04  
Table 2. Eigenvalues about the critical parameters 
ݒ௥  (m·s-1) ܾ ߣଵ,ଶ (×102) ߣଷ,ସ (×102) ߣହ,଺ (×102) ߣ଻ (×102) ߣ଼ (×102) 
18.0000 
ܣ+ 0.8200 –0.1815±8.3787݅ 0.0008±3.2674݅ –0.0339±0.7868݅ –2.6399 –0.9583 
ܣ 0.7982 –0.1816±8.3783݅ –0.0000±3.2682݅ –0.0355±0.7870݅ –2.6347 –0.9593 
ܣ- 0.7800 –0.1816±8.3779݅ –0.0007±3.2689݅ –0.0369±0.7871݅ –2.6303 –0.9601 
6.0000 
ܤ+ 2.2700 –1.8620±8.0343݅ –0.0146±3.2511݅ 0.0008±0.8035݅ –0.9738 –0.2893 
ܤ 2.2541 –1.8622±8.0342݅ –0.0147±3.2515݅ –0.0000±0.8040݅ –0.9719 –0.2894 
ܤ- 2.2400 –1.8624±8.0341݅ –0.0148±3.2518݅ –0.0007±0.8046݅ –0.9703 –0.2895 
20.6945 ܥ+ 
0.2885 
0.0009±8.4145݅ –0.0182±3.2876݅ –0.0676±0.7824݅ –2.8762 –1.1455 
20.6800 ܥ –0.0000±8.4143݅ –0.0182±3.2876݅ –0.0676±0.7824݅ –2.8742 –1.1447 
20.6700 ܥ- –0.0006±8.4141݅ –0.0182±3.2876݅ –0.0677±0.7825݅ –2.8729 –1.1441 
In Fig. 3, there are three cross points on the curves, their abscissas are 10.9 m·s-1,  
20.684 m·s-1 and 20.675 m·s-1, respectively. These three cross points divide the system unstable 
domain into three regions. At the different regions, the system Hopf bifurcation induced by the 
variation of the friction coefficient could cause the system instability with different vibration 
modals. 
  
Fig. 3. The distribution of bifurcation parameter b* with steady rolling speed ̅ݒ௥ 
3.3. Hopf bifurcation type judgment 
Hopf bifurcation can be classified as the super-critical bifurcation and the sub-critical 
bifurcation. As different types of Hopf bifurcation having different vibration characteristics, 
therefore, it is important to clear the Hopf bifurcation type at each bifurcation point. 
Reference [20] defined a coefficient ߟ  to judge the Hopf bifurcation type at different 
bifurcation points. The expression of the coefficient is: 
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ߟ = ܴ௘(−ܷ ௫݂௫௫ܸܸܸ∗ + 2ܷ ௫݂௫ܸܣିଵ(0, ܾ) ௫݂௫ܸܸ∗ + ܷ ௫݂௫ܸ∗(ܣ(0, ܾ) − 2݅߱଴ܫ)ିଵ ௫݂௫ܸܸ), (10)
where: 
௫݂௫௫ܸܸܸ∗ =
ۉ
ۈ
ۇ ∂
∂ܺ ൮ቌ
∂
∂ܺ ൭ቆ
∂݂(ܺ, ܾ)
∂ܺ ቇ ܸ൱ቍ ܸ൲
ی
ۋ
ۊ ܸ∗ተተ
௑ୀ଴,௕ୀ௕∗
. 
The vector ܷ and the vector ܸ are the left eigenvector and the right eigenvector corresponding 
to the pure imaginary eigenvalues (±߱଴݅) of the Jacobian matrix, that is ܷܣ(0, ܾ) = ݅߱଴ܷ and 
ܣ(0, ܾ)ܸ = ݅߱଴ܸ. Moreover, the vector ܷ and the vector ܸ also meet the condition ܷܸ = 1. ܸ∗ 
is the conjugate vector of the vector ܸ. ܫ is an eight-order unit matrix. 
If ߟ > 0, the system Hopf bifurcation is the super-critical bifurcation. And when ߟ < 0, the 
system Hopf bifurcation is the sub-critical bifurcation. 
Substituting Hopf bifurcation points ܣ, ܤ and ܥ into Eq. (10), and the coefficient ߟ of each 
point is calculated. At point ܣ, ߟ = 3.72×10-18 > 0, it means that the system Hopf bifurcation at 
this point is the super-critical bifurcation. At point ܤ, ߟ = 5.39×10-17 > 0, and the system Hopf 
bifurcation at point ܤ is the super-critical bifurcation too. At point ܥ, ߟ = –3.01×10-25 < 0, the 
system Hopf bifurcation at this point is the sub-critical bifurcation. 
 
Fig. 4. Dynamic response and phase diagram of the system for ̅ݒ௥ = 18 m∙s-1 and ܾ = 0.82 
 
Fig. 5. Dynamic response and phase diagram of the system for ̅ݒ௥ = 6 m∙s-1 and ܾ = 2.27 
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The system motions and three-dimensional phase diagrams in the period of 190-200 s 
corresponding to the point ܣ+, point ܤ+ and point ܥ+ are shown in Figs. 4-6. It can be seen that 
the system motions will form a stable limit-cycle eventually when the Hopf bifurcation occurs at 
point ܣ and point ܤ. But at point ܥ, the vibration amplitude is diverging over time when the Hopf 
bifurcation occurs, and the system will collapse within a short time. The simulation results shown 
in Figs. 4-6 are consistent with the results calculated by Eq. (10).  
Through the analysis mentioned above, it can be seen that the system Hopf bifurcation curve 
is spliced by the critical boundaries of torsional vibration modal, horizontal vibration modal and 
vertical vibration modal. And for the different Hopf bifurcation points at different critical 
boundaries, the system Hopf bifurcation types may be different. Therefore, it is important and 
meaningful to study the movement laws of these three critical lines due to the change of rolling 
process parameters. And these laws can provide technical support for formulating a reasonable 
rolling process planning. 
 
Fig. 6. Dynamic response and phase diagram of the system for ̅ݒ௥ = 20.6945 m∙s-1 and ܾ = 2.2885 
4. Effect of rolling process parameters on system stability domain 
4.1. Tensions at entry and exit 
The influences of tensions at entry and exit on the system stability domain are depicted in 
Fig. 7 and Fig. 8. There into, Fig. 7 is produced on the conditions of the entry tension equals to 
0.75ߪ଴, ߪ଴ and 1.25ߪ଴, respectively, with other parameters unchanged. And Fig. 8 is produced on 
the conditions of the exit tension equals to 0.75ߪଵ , ߪଵ  and 1.25ߪଵ , respectively, with other 
parameters unchanged.  
As shown in Fig. 7 and Fig. 8, with the increase of tensions at entry and exit, the critical 
boundary of vertical vibration modal moves left gradually, and the critical speed decreases 
accordingly. The reason is that larger tensions corresponding to the smaller rolling stiffness 
(ܽி௬,௬௖). Thus the stability of vertical vibration modal reduces. For torsional vibration modal, the 
critical boundary moves down as the increase of the entry tension, and moves up as the increase 
of the exit tension. This is mainly due to the larger exit tension and the smaller entry tension mean 
the bigger forward slip zone. And the area difference between the size of the backward slip zone 
and the size of the forward slip zone becomes smaller. The rolling torque decreases accordingly. 
So the fluctuation of the rolling torque is relatively small with the same variations of the roll gap, 
and the torsional vibration modal is more stable. For horizontal vibration modal, its stability trend 
is the same with torsional vibration modal. The reason is that the larger exit tension and the smaller 
entry tension mean the force acting on the rolls in ݔ  direction is smaller. Accordingly, the 
fluctuation of this force is smaller under the same disturbance, and the horizontal vibration modal 
is more stable. 
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Fig. 7. Influence of entry tension on system stability domain 
 
Fig. 8. Influence of exit tension on system stability domain 
 
Fig. 9. Influence of steady friction coefficient on system stability domain 
4.2. Steady friction coefficient 
Fig. 9 represents the influence of the steady friction coefficient on the system stability domain. 
As Fig. 9 displays, the stability of the vertical subsystem is strengthened with the higher steady 
friction coefficient. The reason is that the friction in the roll gap acts as a positive damping in the 
vertical subsystem. For torsional vibration modal, as the increase of the steady friction coefficient, 
the modal is less stable at very low speeds, and more stable at medium and high speeds. On the 
one hand, the rolling torque increases as the increase of the steady friction coefficient, and the 
fluctuation of the rolling torque is greater under the same disturbance. On the other hand, the larger 
steady friction coefficient means the bigger forward slip zone, and the rolling torque decreases 
due to the increase of the forward slip zone, so the fluctuation of the rolling torque is smaller under 
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the same disturbance. These two opposite trends play the dominant role alternately in different 
rolling speed stages. In the low-speed stage, the variation of the forward slip zone is relatively 
small. The first reason plays the dominant role at the moment. So the modal is less stable with the 
larger steady friction coefficient. With the continuous increase of the rolling speed, the second 
reason achieves the dominant role gradually, and the modal is more stable. For horizontal vibration 
modal, the fluctuation of the neutral point decreases with the increase of the steady friction 
coefficient. Accordingly, the variations of strip velocities as well as the variations of tensions are 
smaller. So the fluctuation of the force acting on the rolls in x direction is relatively smaller, and 
the modal is more stable. 
4.3. Reduction ratio and strip thickness 
Since the functional relationship of the reduction ratio and strip thicknesses at entry and exit, 
the influences of the reduction ratio and strip thicknesses on the system stability domain are 
discussed in three different cases. The changes of the system stability domain with different 
reduction ratios are plotted in Fig. 10 and Fig. 11. There into, Fig. 10 considers the condition of 
invariable entry thickness, and Fig. 11 considers the condition of invariable exit thickness. In 
Fig. 12, the influence of the entry thickness on the system stability domain is displayed, in which 
the reduction ratio is kept unchanged. 
As shown in Fig. 10 and Fig. 11, with the increase of the reduction ratio, all the critical 
boundaries move left or down, which mean the stabilities of all the modals are weakened. The 
reason is that the larger reduction ratio corresponds to the greater rolling torque and forces acting 
on the rolls in ݔ and ݕ directions. So, the fluctuations of these three forces increase with the same 
variations of the roll gap, and the emergence of the vibration is caused more easily. 
 
Fig. 10. Influence of reduction ratio on system stability domain with invariable entry thickness 
 
Fig. 11. Influence of reduction ratio on system stability domain with invariable exit thickness 
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In Fig. 12, on the premise of the constant reduction ratio, with the increase of the strip entry 
thickness, the strip exit thickness increases simultaneously. For vertical vibration modal, Fig. 12 
illustrates that the thicker the strip is, the more stable the modal will be. It is because that the thicker 
strip corresponds to relatively smaller volume variations of the strip under the same variations of 
the roll gap. So, the fluctuation of the force acting on the rolls in y direction decreases, accordingly. 
And the modal is more stable. But for torsional vibration modal and horizontal vibration modal, the 
stability trends are opposite to vertical vibration modal. For torsional vibration modal, the reason is 
that the increase of the entry thickness means the increasing length of the contact arc, so the area 
difference between the size of the backward slip zone and the size of the forward slip zone becomes 
bigger, and the rolling torque is larger accordingly. Therefore, the fluctuation of the rolling torque 
is relatively large with the same variations of the roll gap, so the modal stability is weakened. For 
horizontal vibration modal, the increase of strip thicknesses at entry and exit mean the increasing 
of the force acting on the rolls in ݔ direction. Thus, the fluctuation of this force increases with the 
same variations of the roll gap, so the modal is less stable. 
Through further observation of Fig. 12, the cross point of the torsional critical boundary and 
the horizontal critical boundary moves to the right drastically as the decrease of the strip entry 
thickness. Therefore, it can be inferred that the cross point may overflow or disappear if the entry 
thickness continues to decrease. In other words, when rolling the thin strip, the whole system 
would not loss stability induced by horizontal vibration modal. The subgraph of Fig. 12 shows the 
situation of the cross point overflows, when the strip entry thickness is decreased to 0.4ℎ଴. 
 
Fig. 12. Influence of entry thickness on system stability domain with invariable reduction ratio 
5. Comparison of the effects 
As the influences of rolling process parameters on the system stability domain are nonlinear, 
it is difficult to measure the effect of each parameter. In this section, a mean relative sensitivity 
factor is defined using the data in Fig. 7-Fig. 12. For the critical boundaries of horizontal vibration 
modal and torsional vibration modal (Line 1 and Line 2), this factor is obtained through adding 
together the ratios of the bifurcation parameters at the same abscissa. Since the critical boundary 
of vertical vibration modal (Line 3) is more sensitive to the rolling speed, therefore, this factor is 
obtained through adding together the ratios of the rolling speeds at the same ordinate. Even though 
this factor is not accurate, but it can be used to compare the effects of different parameters on the 
stability of different vibration modals. This factor is expressed as: 
ە
ۖ
۔
ۖ
ۓLine 1, 2: ܵ(ݑ) = 12݊ ൭෍ ቤln
ܾ௜(0.75ݑ)
ܾ௜(ݑ) ቤ
௡
௜ୀଵ
+ ෍ ቤln ܾ௜(1.25ݑ)ܾ௜(ݑ) ቤ
௡
௜ୀଵ
൱, (݅ = 1,2, … , ݊),
Line 3: ܵ(ݑ) = 12݊ ൭෍ ቤln
ݒ௥௜(0.75ݑ)
ݒ௥௜(ݑ) ቤ
௡
௜ୀଵ
+ ෍ ቤln ݒ௥௜(1.25ݑ)ݒ௥௜(ݑ) ቤ
௡
௜ୀଵ
൱, (݅ = 1,2, … , ݊).
 (11)
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The mean relative sensitivity factors for the aforementioned parameters are given in Table 3. 
Among the parameters, the reduction ratio has the most significant influence on the stability of all 
three vibration modals. In addition, the influence of the entry thickness on horizontal vibration 
modal and the influences of tensions at entry and exit on torsional vibration modal are relatively 
larger. For vertical vibration modal, the entry thickness and tensions have the second most 
influence on modal stability. 
In conclusion, the system stability domain is closely related to rolling process parameters. And 
the effect of the reduction ratio is the most significant. Moreover, the stability trends of these three 
modal with the change of the reduction ratio are the same. Therefore, in continuously rolling 
production, reasonable allocating the reduction ratio of each stand in a tandem mill is the key to 
ensure the rolling mill running smoothly and efficiently. 
Table 3. Mean relative sensitivity factors for the aforementioned parameters 
Vibration modal ܵ (ߪ଴) ܵ (ߪଵ) ܵ (ߤ଴) ܵ (ߝ-ℎ଴) ܵ (ߝ-ℎଵ) ܵ (ℎ଴) 
Horizontal Line 1 0.077 0.090 0.086 0.384 0.477 0.259 
Torsional Line 2 0.101 0.112 0.039 0.412 0.433 0.058 
Vertical Line 3 0.025 0.026 0.013 0.100 0.091 0.023 
6. Conclusions 
In this paper, based on the rolling mill vertical-torsional-horizontal coupled dynamic model 
with the consideration of the nonlinear friction, the system stability domain has been determined 
by the Hurwitz algebraic criterion. Then, the system Hopf bifurcation types have been judged. 
Finally, the influences of rolling process parameters on the system stability domain have been 
analyzed in detail. The following conclusions are drawn: 
1) The system stability domain is enclosed by the instability critical boundaries of torsional 
vibration modal, horizontal vibration modal and vertical vibration modal. At different Hopf 
bifurcation points, the system Hopf bifurcation types may be different.  
2) The critical boundaries will move with the change of rolling process parameters, which in 
turn change the system stability domain simultaneously. Among the parameters, the influence of 
the reduction ratio is the most significant. In addition to the reduction ratio, the stability of 
horizontal vibration modal is more sensitive to the strip entry thickness. The stability of torsional 
vibration modal is more sensitive to tensions at entry and exit. And the stability of vertical 
vibration modal is more sensitive to both tensions and the strip entry thickness. 
3) When rolling the thin strip, the cross point of the torsional critical boundary and the 
horizontal critical boundary may overflow or disappear. In that situation, the instability of the 
whole system induced by horizontal vibration modal would not occur. 
4) In actual production, clearing the movement trends of stability domain boundaries with the 
change of different rolling process parameters can provide a theoretical reference for optimizing 
the rolling process planning as well as selecting an optimal rolling process parameter to construct 
a state feedback controller. 
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Appendix 
A1. Derivation of dynamic rolling process model with nonlinear friction 
Based on the Bland-Ford-Hill rolling force equation, a dynamic rolling process model with the 
consideration of nonlinear friction is presented. The model allows the inclusion of both the strain 
hardening and the roll flattening effects. The synopsis of the complete model given below is based 
on Reference [17]. 
The geometry of the roll bite is illustrated in Fig. A1. In this model, it is assumed that the 
deformation of the strip in the roll bite is homogenous, and the vibrations of the rolls are symmetric 
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with respect to the center plane of the strip. 
 
Fig. A1. Geometry of the roll bite during vibration 
Considering the control volume of the material flow within the roll bite, the flow equation can 
be modified as [5]: 
ݒℎ = ݒ଴ℎ଴ − 2ݕሶ௖(ݔ − ݔ଴) − ݔሶ௖(ℎ଴ − ℎ). (A1)
Considering the motions of the rolls in ݔ and ݕ directions, a parabolic approximation for the 
strip thickness within the roll bite can be formulated and expressed as: 
ℎ(ݔ) = ℎ௖ +
(ݔ − ݔ௖)ଶ
ܴ′ , (A2)
where, ℎ௖ = ℎത௖ + 2ݕ௖. 
The position of the entry point, according to Fig. A1, can be derived from Eq. (A2) as: 
ݔ଴ = ݔ௖ − ඥܴᇱ(ℎ଴ − ℎ௖). (A3)
Substituting ℎ(ݔ) from Eq. (A2) into Eq. (A1) and assuming a uniform horizontal velocity 
profile at any cross section within the roll bite, the horizontal velocity at any vertical 
cross-sectional plane within the roll bite can be expressed as: 
ݒ(ݔ) = ݒ଴ℎ଴ − 2ݕሶ௖(ݔ − ݔ଴) − ݔሶ௖൫ℎ଴ − ℎ(ݔ)൯ℎ௖ + (ݔ − ݔ௖)ଶ ܴ′⁄ .
(A4)
The exit position can be determined by examining the condition of zero strain rates: 
݀ℎ
݀ݐ =
߲ℎ
߲ݐ +
߲ℎ
߲ݔ
߲ݔ
߲ݐ +
߲ℎ
߲ݔ௖
߲ݔ௖
߲ݐ = ൤
߲ℎ௖
߲ݐ +
2(ݔ − ݔ௖)
ܴ′ (ݒ(ݔ) − ݔሶ௖)൨ฬ௫ୀ௫భ
= 0. (A5)
Substituting Eq. (A4) into Eq. (A5) and neglecting the quadratic term, then the strip exit 
position can be represented as: 
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ݔଵ = ݔ௖ −
ܴᇱℎ௖ݕሶ௖
ݒ଴ℎ଴ − 2ݕሶ௖(ݔ௖ − ݔ଴) − ݔሶ௖ℎ଴. (A6)
The Bland-Ford-Hill rolling force equation is as follows: 
ܲ = (ܭ − ߪ௠)ܤܳ௣݈. (A7)
The position of the neutral point can be determined by the equilibrium condition of the force 
in the rolling deformation zone: 
ݔ௡ = ݔ௖ −
ܴᇱ(sinߙ + sinߜ)
2 −
ܴᇱ(cosߙ − cosߜ)
2ߤ −
(ߪଵℎଵܤ − ߪ଴ℎ଴ܤ)݈
4ߤܲ . (A8)
Recognizing that the strip velocity at the neutral point is equal to the roll peripheral velocity 
ݒ௥, therefore, once the position of the neutral point is settled, the velocities at the entry and exit 
can be straightforwardly determined using Eq. (A4): 
ۖە
۔
ۖۓݒ଴ =
1
ℎ଴ ቈ(ݒ௥ − ݔሶ௖)(ℎ௖ +
(ݔ௡ − ݔ௖)ଶ
ܴ′ ) + 2ݕሶ௖(ݔ௡ − ݔ଴) + ℎ଴ݔሶ௖቉ ,
ݒଵ =
1
ℎଵ ሾݒ଴ℎ଴ − 2ݕሶ௖(ݔଵ − ݔ଴) − ݔሶ௖(ℎ଴ − ℎଵ)ሿ.
(A9)
According to the force relationship in the rolling deformation zone, forces acting on the rolls 
in ݔ and ݕ directions and the rolling torque can be expressed as: 
ۖە
۔
ۖۓܨ௫ = ܨത௫ + ݀ܨ௫ =
ߪଵℎଵܤ − ߪ଴ℎ଴ܤ
2 ,
ܨ௬ = ܨത௬ + ݀ܨ௬ ≈ ܲ,
ܯ = ܯഥ + ݀ܯ = − (ߙ + ߜ − 2ߛ)ߙ − ߜ ߤܴܲ.
 (A10) 
A linearization process for various parameters is adopted to formulate the dynamic rolling 
process model analytically. By using Taylor series expansion, the variations of ܨ௫, ܨ௬, ܯ, ݒ଴ and 
ݒଵ are represented as: 
ە
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۓ݀ܨ௫ = ܽிೣ ,ఙబ݀ߪ଴ + ܽிೣ ,ఙభ݀ߪଵ + ܽிೣ ,௛బ݀ℎ଴ + ܽிೣ ,௬೎ݕ௖,݀ܨ௬ = ܽி೤,ఙబ݀ߪ଴ + ܽி೤,ఙభ݀ߪଵ + ܽி೤,௛బ݀ℎ଴ + ܽி೤,௬೎ݕ௖ + ܽி೤,௬ሶ೎ݕሶ௖ + ܽி೤,௫ሶ೎ݔሶ௖
        +ܽி೤,ఏሶ ಾߠሶெ + ܽி೤,௫ሶ೎మݔሶ௖ଶ + ܽி೤,ఏሶ ಾమ ߠሶெଶ + ܽி೤,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
݀ܯ = ܽெ,ఙబ݀ߪ଴ + ܽெ,ఙభ݀ߪଵ + ܽெ,௛బ݀ℎ଴ + ܽெ,௬೎ݕ௖ + ܽெ,௬ሶ೎ݕሶ௖ + ܽெ,௫ሶ೎ݔሶ௖
        +ܽெ,ఏሶ ಾߠሶெ + ܽெ,௫ሶ೎మݔሶ௖ଶ + ܽெ,ఏሶ ಾమ ߠሶெଶ + ܽெ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
݀ݒ଴ = ܽ௩బ,ఙబ݀ߪ଴ + ܽ௩బ,ఙభ݀ߪଵ + ܽ௩బ,௛బ݀ℎ଴ + ܽ௩బ,௬೎ݕ௖ + ܽ௩బ,௬ሶ೎ݕሶ௖ + ܽ௩బ,௫ሶ೎ݔሶ௖
        +ܽ௩బ,ఏሶ ಾߠሶெ + ܽ௩బ,௫ሶ೎మݔሶ௖ଶ + ܽ௩బ,ఏሶ ಾమ ߠሶெଶ + ܽ௩బ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
݀ݒଵ = ܽ௩భ,ఙబ݀ߪ଴ + ܽ௩భ,ఙభ݀ߪଵ + ܽ௩భ,௛బ݀ℎ଴ + ܽ௩భ,௬೎ݕ௖ + ܽ௩భ,௬ሶ೎ݕሶ௖ + ܽ௩భ,௫ሶ೎ݔሶ௖
        +ܽ௩భ,ఏሶ ಾߠሶெ + ܽ௩భ,௫ሶ೎మݔሶ௖ଶ + ܽ௩భ,ఏሶ ಾమ ߠሶெଶ + ܽ௩భ,ఏሶ ಾ௫ሶ೎ߠሶெݔሶ௖,
 (A11) 
where, the coefficients can be determined based on the steady-state conditions of the rolling 
process, and their expressions are: 
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ܽிೣ ,ఙబ = −0.5ℎത଴ܤ,   ܽிೣ ,ఙభ = 0.5ℎത௖ܤ, ܽிೣ ,௛బ = −0.5ߪത଴ܤ, ܽிೣ ,௬೎ = ߪതଵܤ,
ܽி೤,ఙబ = −0.7ܤ തܳ௣݈,̅   ܽி೤,ఙభ = −0.3ܤ തܳ௣݈,̅ 
ܽி೤,௛బ = ܤ തܳ௣݈ ̅ ൬
∂ܭ
∂ℎ଴൰௦
+ (ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ℎ଴ ቇ௦
+ (ܭഥ − ߪത௠)ܤ തܳ௣ඨ
ܴ′
4൫ℎത଴ − ℎത௖൯
, 
ܽி೤,௬೎ = 2ܤ തܳ௣݈ ̅ ൬
∂ܭ
∂ℎଵ൰௦
+ 2(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ℎଵ ቇ௦
− (ܭഥ − ߪത௠)ܤ തܳ௣ඨ
ܴᇱ
ℎത଴ − ℎത௖, 
ܽி೤,௬ሶ೎ = −
ܴᇱℎത௖
̅ݒ௥ℎത௡
(ܭഥ − ߪത௠)ܤ തܳ௣, ܽி೤,௫ሶ೎ = −ܾߤ଴(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, 
ܽி೤,ఏሶ ಾ = −ܾߤ଴ܴᇱ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, ܽி೤,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, 
ܽி೤,ఏሶ ಾమ =
1
2 ߤ଴ܾ
ଶܴ′ଶ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, ܽி೤,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴᇱ(ܭഥ − ߪത௠)ܤ݈ ̅ ቆ
∂ܳ௣
∂ߤ ቇ௦
, 
ܽெ,ఙబ = 0.7
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ −
ܤ݈ ܴ̅
ߙതܴᇱ ቆ
ℎത଴
2 − 0.7
ߪതଵℎതଵ − ߪത଴ℎത଴
2(ܭഥ − ߪത௠) ቇ, 
ܽெ,ఙభ =
ܤ݈ ܴ̅
ߙതܴ′ ቆ
ℎതଵ
2 + 0.3
ߪതଵℎതଵ − ߪത଴ℎത଴
2(ܭഥ − ߪത௠) ቇ + 0.3
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ , 
ܽெ,௛బ = ൬
∂ܯ
∂ߙ ൰௦
1
2ටܴ′൫ℎത଴ − ℎത௖൯
− ܽ௫೙,௛బܴ′ ൬
∂ܯ
∂ߛ ൰௦
+ ൬∂ܯ∂ܭ൰௦ ൬
∂ܭ
∂ℎ଴൰௦
 
      + ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎ଴ ቇ௦
+ ൬∂ܯ∂݈ ൰௦ ඨ
ܴ′
4൫ℎത଴ − ℎത௖൯
, 
ܽெ,௬೎ = 2 ൬
∂ܯ
∂ܭ൰௦ ൬
∂ܭ
∂ℎଵ൰௦
− ൬∂ܯ∂ߙ ൰௦
1
ටܴ′൫ℎത଴ − ℎത௖൯
− ܽ௫೙,௬೎ܴ′ ൬
∂ܯ
∂ߛ ൰௦
 
      +2 ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎଵ ቇ௦
− ൬∂ܯ∂݈ ൰௦ ඨ
ܴ′
ℎത଴ − ℎത௖, 
ܽெ,௬ሶ೎ =
ℎത௖
̅ݒ௥ℎത௡ ൬
∂ܯ
∂ߜ ൰௦ −
ܽ௫೙,௬ሶ೎
ܴᇱ ൬
∂ܯ
∂ߛ ൰௦
− ܴ
ᇱℎത௖
̅ݒ௥ℎത௡ ൬
∂ܯ
∂݈ ൰௦, 
ܽெ,௫ሶ೎ = −ܾߤ଴ ൬
∂ܯ
∂ߤ ൰௦
− ܾߤ଴ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,௫ሶ೎ܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾ = −ܾߤ଴ܴ′ ൬
∂ܯ
∂ߤ ൰௦
− ܾߤ଴ܴ′ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ ൬∂ܯ∂ߤ ൰௦
+ 12 ߤ଴ܾ
ଶ ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,௫ሶ೎మܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾమ =
1
2 ߤ଴ܾ
ଶܴ′ଶ ൬∂ܯ∂ߤ ൰௦
+ 12 ߤ଴ܾ
ଶܴ′ଶ ቆ ∂ܯ∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾమܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽெ,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴ′ ൬
∂ܯ
∂ߤ ൰௦
+ ߤ଴ܾଶܴ′ ቆ
∂ܯ
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
− ܽ௫೙,ఏሶ ಾ௫ሶ೎ܴ′ ൬
∂ܯ
∂ߛ ൰௦
, 
ܽ௩బ,ఙబ =
̅ݒ௥̅ݔ௡
2ߤ଴ܴ′ℎത଴(ܭഥ − ߪത௠) തܳ௣ ቆℎ
ത଴ − 0.7
ߪതଵℎതଵ − ߪത଴ℎത଴
ܭഥ − ߪത௠ ቇ, 
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ܽ௩బ,ఙభ = −
̅ݒ௥̅ݔ௡
4ߤ଴ܴ′ℎത଴(ܭഥ − ߪത௠) തܳ௣ ቆℎ
തଵ + 0.3
ߪതଵℎതଵ − ߪത଴ℎത଴
ܭഥ − ߪത௠ ቇ, 
ܽ௩బ,௛బ = −
̅ݒ௥ℎത௡
ℎത଴ଶ
+ ܽ௫೙,௛బ
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , ܽ௩బ,௬೎ = 2
̅ݒ௥
ℎത଴ + ܽ௫೙,௬೎
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , 
ܽ௩బ,௬ሶ೎ =
2(̅ݔ௡ − ̅ݔ଴)
ℎത଴ −
ℎത௖̅ݔ௡
ℎത௡ℎത଴ , ܽ௩బ,௫ሶ೎ =
ℎത଴ − ℎത௡
ℎത଴ + ܽ௫೙,௫ሶ೎
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , 
ܽ௩బ,ఏሶ ಾ =
ℎത௡
ℎത଴ ܴ′ + ܽ௫೙,ఏሶ ಾ
2̅ݒ௥̅ݔ௡
ܴᇱℎത଴ , ܽ௩బ,௫ሶ೎మ = ܽ௫೙,௫ሶ೎మ
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , ܽ௩బ,ఏሶ ಾమ = ܽ௫೙,ఏሶ ಾమ
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , 
ܽ௩బ,ఏሶ ಾ௫ሶ೎ = ܽ௫೙,ఏሶ ಾ௫ሶ೎
2̅ݒ௥̅ݔ௡
ܴ′ℎത଴ , ܽ௩భ,ఙబ = ܽ௩బ,ఙబ
ℎത଴
ℎത௖ ,    ܽ௩భ,ఙభ = ܽ௩బ,ఙభ
ℎത଴
ℎത௖, 
ܽ௩భ,௛బ =
̅ݒ଴
ℎത௖ + ܽ௩బ,௛బ
ℎത଴
ℎത௖ , ܽ௩భ,௬೎ = −
2̅ݒ଴ℎത଴
ℎത௖ଶ + ܽ௩బ,௬೎
ℎത଴
ℎത௖ , ܽ௩భ,௬ሶ೎ =
2̅ݔ଴
ℎത௖ + ܽ௩బ,௬ሶ೎
ℎത଴
ℎത௖,       
ܽ௩భ,௫ሶ೎ = −
ℎത଴ − ℎത௖
ℎത௖ + ܽ௩బ,௫ሶ೎
ℎത଴
ℎത௖ , ܽ௩భ,ఏሶ ಾ = ܽ௩బ,ఏሶ ಾ
ℎത଴
ℎത௖ , ܽ௩భ,௫ሶ೎మ = ܽ௩బ,௫ሶ೎మ
ℎത଴
ℎത௖,  
ܽ௩భ,ఏሶ ಾమ = ܽ௩బ,ఏሶ ಾమ
ℎത଴
ℎത௖ ,  ܽ௩భ,ఏሶ ಾ௫ሶ೎ = ܽ௩బ,ఏሶ ಾ௫ሶ೎
ℎത଴
ℎത௖, 
൬ ∂ܭ∂ℎ଴൰௦
= − ܾ଴ܣ݊ܪ ቈ
ܾ଴൫ܪ − ℎത଴൯
ܪ +
ܾଵ൫ܪ − ℎതଵ൯
ܪ ቉
௡ିଵ
, 
൬ ∂ܭ∂ℎଵ൰௦
= − ܾଵܣ݊ܪ ቈ
ܾ଴൫ܪ − ℎത଴൯
ܪ +
ܾଵ൫ܪ − ℎതଵ൯
ܪ ቉
௡ିଵ
, 
ቆ∂ܳ௣∂ℎଵ ቇ௦
= −1.79ߤ଴√ܴ′ℎത଴ଵ.ହ
+ 1.02ℎത଴ , ቆ
߲ܳ௣
߲ℎ଴ ቇ௦
= 1.79ߤ଴√ܴ′൫−0.5ℎ
ത଴ + 1.5ℎതଵ൯
ℎത଴ଶ.ହ
− 1.02ℎ
തଵ
ℎത଴ଶ
, 
ቆ∂ܳ௣∂ߤ ቇ௦
= 1.79√ܴ′൫ℎ
ത଴ − ℎതଵ൯
ℎത଴ଵ.ହ
, ൬∂ܯ∂ߙ ൰௦ = −
2̅ߛ
ߙതଶ ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , 
൬∂ܯ∂ߛ ൰௦
= 2ߙത ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , ൬
∂ܯ
∂ܭ൰௦ = −
ߙത − 2̅ߛ
ߙത ߤ଴ܤ തܳ௣݈ ܴ̅ , 
ቆ ∂ܯ∂ܳ௣ቇ௦
= − ߙത − 2̅ߛߙത ߤ଴(ܭഥ − ߪത௠)ܤ݈ ܴ̅ , ൬
∂ܯ
∂݈ ൰௦ = −
ߙത − 2̅ߛ
ߙത ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣ܴ, 
൬∂ܯ∂ߤ ൰௦
= − ߙത − 2̅ߛߙത (ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , ൬
∂ܯ
∂ߜ ൰௦ = −
2ߙത − 2̅ߛ
ߙതଶ ߤ଴(ܭഥ − ߪത௠)ܤ തܳ௣݈ ܴ̅ , 
൬∂ݔ௡∂ߤ ൰௦
= ܴ′2ߤ଴ଶ
(cosߙത − 1) + ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴ଶ(ܭഥ − ߪത௠) തܳ௣
, ቆ∂ݔ௡∂ܳ௣ቇ௦
= ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠) തܳ௣ଶ, 
൬∂ݔ௡∂ߙ ൰௦ = −
ܴᇱ
2 cosߙത +
ܴᇱ
2ߤ଴ sinߙത , ൬
∂ݔ௡
∂ℎ଴൰௦
= ߪത଴4ߤ଴(ܭഥ − ߪത௠) തܳ௣, 
൬∂ݔ௡∂ߪ௠൰௦
= − ߪതଵℎ
തଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠)ଶ തܳ௣ , ൬
∂ݔ௡
∂ܭ ൰௦ =
ߪതଵℎതଵ − ߪത଴ℎത଴
4ߤ଴(ܭഥ − ߪത௠)ଶ തܳ௣,  
൬∂ݔ௡∂ℎଵ൰௦
= − ߪതଵ4ߤ଴(ܭഥ − ߪത௠) തܳ௣, 
ܽ௫೙,௫ሶ೎ = −ܾߤ଴ ൬
∂ݔ௡
∂ߤ ൰௦
− ܾߤ଴ ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
ܽ௫೙,ఏሶ ಾమ =
ߤ଴ܾଶܴ′ଶ
2 ൬
∂ݔ௡
∂ߤ ൰௦
+ ߤ଴ܾ
ଶܴ′ଶ
2 ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
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ܽ௫೙,ఏሶ ಾ = −ܾߤ଴ܴ′ ቈ൬
∂ݔ௡
∂ߤ ൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
቉, 
ܽ௫೙,ఏሶ ಾ௫ሶ೎ = ߤ଴ܾଶܴ′ ൬
∂ݔ௡
∂ߤ ൰௦
+ ߤ଴ܾଶܴ′ ቆ
∂ݔ௡
∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
, 
ܽ௫೙,௛బ = ൬
∂ݔ௡
∂ℎ଴൰௦
+ ൬∂ݔ௡∂ߙ ൰௦
1
2ටܴ′൫ℎത଴ − ℎത௖൯
௦
+ ൬∂ݔ௡∂ܭ ൰௦ ൬
∂ܭ
∂ℎ଴൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎ଴ ቇ௦
, 
ܽ௫೙,௬೎ = 2 ൬
∂ݔ௡
∂ℎଵ൰௦
− ൬∂ݔ௡∂ߙ ൰௦
1
ටܴ′൫ℎത଴ − ℎത௖൯
+ 2 ൬∂ݔ௡∂ܭ ൰௦ ൬
∂ܭ
∂ℎଵ൰௦
+ 2 ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ℎଵ ቇ௦
, 
ܽ௫೙,௫ሶ೎మ =
1
2 ߤ଴ܾ
ଶ ቈ൬∂ݔ௡∂ߤ ൰௦
+ ቆ∂ݔ௡∂ܳ௣ቇ௦
ቆ∂ܳ௣∂ߤ ቇ௦
቉, 
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